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Abstract
We propose a new off-shell formulation forN -extended conformal supergrav-
ity in three spacetime dimensions. Our construction is based on the gauging of
the N -extended superconformal algebra in superspace. Covariant constraints
are imposed such that the algebra of covariant derivatives is given in terms of
a single curvature superfield which turns out to be the super Cotton tensor.
An immediate corollary of this construction is that the curved superspace is
conformally flat if and only if the super Cotton tensor vanishes. Upon de-
gauging of certain local symmetries, our formulation is shown to reduce to the
conventional one with the local structure group SL(2,R)× SO(N ).
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1 Introduction
Inspired by the construction of topologically massive N = 1 supergravity in three
dimensions (3D) [1, 2], conformal supergravity theories in 3D were formulated as
supersymmetric Chern-Simons theories for N = 1 [3], N = 2 [4],1 and finally for
arbitrary N [5, 6].2 The constructions in [3, 4, 5, 6] are based on the gauging of the
N -extended superconformal algebra in ordinary spacetime. The important point is
that the formulation for extended conformal supergravity given in [5, 6] is on-shell
for N > 2. This means that alternative approaches are required if one is interested
in deriving off-shell actions for extended conformal supergravity, especially in the
presence of matter.
In 1995 Howe et al. [12] proposed a curved superspace geometry with local struc-
ture group SL(2,R) × SO(N ), which is suitable for the description of off-shell N -
extended conformal supergravity in three dimensions.3 Specifically, Ref. [12] postu-
lated the superspace constraints, determined all components of the superspace torsion
of dimension-1, and identified the component N -extended Weyl supermultiplet. At
the same time, some crucial elements of the formalism (including the explicit structure
of super-Weyl transformations and the solution of the dimension-3/2 and dimension-2
Bianchi identities) did not appear in [12]. The geometry of N -extended conformal
supergravity has recently been fully developed in [14]4 and applied to the construction
of general supergravity-matter couplings in the cases N ≤ 4 (the simplest extended
case N = 2 was studied in more detail in [18]).
It turns out that the problem of constructing off-shell superspace actions for pure
extended conformal supergravity theories is rather nontrivial. The action for N = 1
conformal supergravity can readily be derived in terms of the superfield connection
as a superspace integral [9, 10, 11] (although the results in [9, 10, 11] are incomplete,
and the conformal supergravity action has only recently been given in [19]). However,
such a construction becomes impossible starting from N = 2.5 As discussed in [19],
this is because (i) the spinor and vector sectors of the superfield connection have
1In the N = 1 case, the superconformal tensor calculus was independently developed in [7]. Early
superspace approaches to N = 1 and N = 2 supergravity theories were given in [8, 9, 10, 11].
2We are grateful to Jim Gates for bringing Ref. [6] to our attention.
3This construction is a natural generalization of Howe’s superspace formulation for 4D N -
extended conformal supergravity in four dimensions [13].
4The special cases of N = 8 and N = 16 conformal supergravity theories were independently
worked out in [15, 16] and [17] respectively.
5If a prepotential formulation is available, the conformal supergravity action may be written as
a superspace integral in terms of the prepotentials.
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positive dimension equal to 1/2 and 1 respectively; and (ii) the dimension of the
full superspace measure is (N − 3). This implies that it is not possible to construct
contributions to the action that are cubic in the superfield connection for N ≥ 2.
Nevertheless, it was argued by two of us [19] that N -extended conformal super-
gravity can be realized in terms of the off-shell Weyl supermultiplet [12] and the
associated curved superspace geometry [12, 14]. Such a realization was explicitly
worked out in [19] for the case N = 1, and a general method of constructing confor-
mal supergravity actions for N > 1 was outlined. It should be pointed out that the
approach of [19] is a generalization of the superform formulation for the linear mul-
tiplet in four-dimensional N = 2 conformal supergravity given in [20]. Both works
[19, 20] make use of the superform approach for the construction of supersymmetric
invariants [21, 22, 23], also known as the ectoplasm formalism [22, 23].
It is worth recalling the method sketched in [19]. Let DA = (Da,DIα) be the
superspace covariant derivatives, with I = 1, . . . ,N , which describe the off-shell N -
extended Weyl supermultiplet [12, 14]. Following the conventions of [14], one should
start with a two-parameter deformation of the vector covariant derivative
Dαβ → Dαβ = Dαβ + λSMαβ + ρCαβKLNKL , (1.1)
where λ and ρ are real parameters, and S and CαβKL are certain dimension-1 torsion
tensors. The deformed covariant derivatives DA = (Da,D
I
α) := (Da,DIα) obey the
algebra
[DA,DB} = −TABCDC − 1
2
RAB
cdMcd − 1
2
RAB
KLNKL , (1.2)
with T AB
C the torsion, RAB
cd the Lorentz curvature and RAB
KL the SO(N ) curva-
ture.6 As a next stage, one has to consider the superform equation
dΣ =
1
2
R
ab ∧Rab + κ
2
R
IJ ∧RIJ , (1.3)
with κ a real parameter, and look for two solutions ΣT and ΣCS. Here ΣT is a three-
form constructed in terms of the torsion and curvature tensors and their covariant
derivatives, while ΣCS is a standard Chern-Simons three-form. Now, the three-form
Σ := ΣT −ΣCS has the following properties (i) Σ is closed; and (ii) Σ is a polynomial
in two variables λ and ρ. By differentiating Σ with respect to λ and ρ, we will generate
a number of closed three-forms. Finally, one has to look for a linear combination J of
these closed three-forms, which is super-Weyl invariant modulo exact contributions.
6Our conventions for sign of the torsion, curvatures and connections differ from those in [14, 19].
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The parameter κ is expected to be fixed by this requirement. It is also expected that
J is independent of λ and ρ, due to its uniqueness. The closed three-form J generates
the action for N -extended conformal supergravity.
In the previous paper [19], the above method was applied only in the case N = 1.
In this and only this case, there is no ρ-deformation. In spite of this simplification,
the calculation of J was rather long and tedious. Two of us (SMK and GT-M) have
tried to apply the same method in order to construct the action for N = 2 conformal
supergravity. The computation required turned out to be extremely involved. This
essentially means that the curved superspace geometry of [12, 14] is not well adapted
for the construction of conformal supergravity actions, and we should look for an
alternative formulation for N -extended conformal supergravity.
In the present paper, we propose a new off-shell formulation for N -extended con-
formal supergravity in three dimensions. It is inspired by the recently developed
formulations for N = 1 [24] and N = 2 [25] conformal supergravities in four di-
mensions. These formulations are obtained by gauging the superconformal algebra
in superspace. Conceptually such a gauging is similar to the superconformal tensor
calculus in the component setting (see, e.g., [26, 27] for reviews). The crucial new
point of the 4D superspace approaches in [24, 25] is that covariant constraints are
imposed such that the algebra of covariant derivatives is given in terms of a single
curvature superfield which coincides with the super Weyl tensor. This turns out to
lead to dramatic computational simplifications.
This paper is organized as follows. Section 2 describes the geometric setup of
N -extended conformal superspace in three dimensions. We present the superconfor-
mal algebra and the procedure in which it is gauged within superspace. In section
3 we provide a warm-up construction. As a straightforward extension of the gaug-
ing procedure for the bosonic case, we describe the geometry of conformal gravity
for D ≥ 3. In section 4 we show how to constrain the geometry of section 2 to de-
scribe N -extended conformal supergravity, thus providing a new off-shell formulation
in superspace. Section 5 is dedicated to showing how the conventional superspace
formulation of [12, 14] may be viewed as a degauged version of the N -extended con-
formal superspace. Finally, section 6 concludes the paper by discussing the newly
obtained results.
We have included a couple of technical appendices. In appendix A we include
a summary of our notation and conventions. Appendix B shows how to couple an
AbelianN -extended vector multiplet to conformal supergravity within our superspace
formulation.
4
2 Setup for N -extended conformal superspace
In this section we present a geometric setup for N -extended conformal superspace
in three dimensions (3D), which arises from gauging the N -extended superconformal
algebra. We begin our discussion by giving the N -extended superconformal alge-
bra in our notation and conventions. We then present the gauging procedure for
the construction of conformal superspace, which parallels the previous work in four
dimensions [24, 25].
2.1 N -extended superconformal algebra in three dimensions
The bosonic part of the 3D N -extended superconformal algebra [28], osp(N|4,R),
contains the translation (Pa), Lorentz (Mab), special conformal (Ka), dilatation (D)
and SO(N ) (NKL) generators, where K,L = 1, . . . ,N . Their algebra is
[Mab,Mcd] = 2ηc[aMb]d − 2ηd[aMb]c , (2.1a)
[Mab, Pc] = 2ηc[aPb] , [D, Pa] = Pa , (2.1b)
[Mab, Kc] = 2ηc[aKb] , [D, Ka] = −Ka , (2.1c)
[Ka, Pb] = 2ηabD + 2Mab , (2.1d)
[NKL, N
IJ ] = 2δI[KNL]
J − 2δJ[KNL]I , (2.1e)
where all other commutators vanish. The extension to the superconformal case is
achieved by extending the translation generator to PA = (Pa, Q
I
α) and the special
conformal generator to KA = (Ka, S
I
α), where Q
I
α and S
I
α are 3D spinors with respect
to the index α and SO(N ) vectors with respect to the index I (see appendix A).7
The fermionic generator QIα obeys the algebra
{QIα , QJβ} = 2iδIJ(γc)αβPc = 2iδIJPαβ , [QIα, Pb] = 0 , (2.1f)
[Mαβ , Q
I
γ] = εγ(αQ
I
β) , [D, Q
I
α] =
1
2
QIα , [NKL, Q
I
α] = 2δ
I
[KQαL] , (2.1g)
while the generator SIα obeys the algebra
{SIα, SJβ} = 2iδIJ(γc)αβKc , [SIα, Kb] = 0 , (2.1h)
[Mαβ , S
I
γ ] = εγ(αS
I
β) , [D, S
I
α] = −
1
2
SIα , [NKL, S
I
α] = 2δ
I
[KSαL] . (2.1i)
7In line with usual nomenclature we refer to SIα as the S-supersymmetry generator and Ka as the
special conformal boost. We will also frequently refer to the full set KA = (Ka, S
I
α) as the special
conformal generator where there is little ambiguity.
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Finally, the remainder of the algebra of KA with PA is given by
[Ka, Q
I
α] = −i(γa)αβSIβ , [SIα, Pa] = i(γa)αβQIβ , (2.1j)
{SIα, QJβ} = 2εαβδIJD− 2δIJMαβ − 2εαβN IJ . (2.1k)
For a matrix realization of the N -extended superconformal algebra, see e.g. [29].
The superconformal algebra8 must obey the Jacobi identities. If we denote the
generators of the algebra by Xa˜ then the Jacobi identities may be written as
[Xa˜, [Xb˜, Xc˜}}+ (−1)εa˜(εb˜+εc˜)[Xb˜, [Xc˜, Xa˜}}+ (−1)εc˜(εa˜+εb˜)[Xc˜, [Xa˜, Xb˜}} = 0 , (2.2)
where εa˜ = ε(Xa˜) is the Grassmann parity of Xa˜. If we further denote the algebra
(2.1) by9
[Xa˜, Xb˜] = −fa˜b˜c˜Xc˜ , (2.3)
where fa˜b˜
c˜ = −(−1)εa˜εb˜fb˜a˜c˜ are the structure constants, then we may equivalently
write the Jacobi identities as
f[a˜b˜
d˜f|d˜|c˜}
e˜ = 0 . (2.4)
The remainder of our notation and conventions follow closely those of [14] and are
summarized in appendix A.
2.2 Gauging the superconformal algebra
To perform our gauging procedure, we begin with a curved 3D N -extended su-
perspace M3|2N parametrized by local bosonic (x) and fermionic coordinates (θI):
zM = (xm, θµI ) , (2.5)
where m = 0, 1, 2, µ = 1, 2 and I = 1, · · · ,N . In order to describe supergravity
it is necessary to have built into the theory a vielbein and appropriate connections.
However the gauging of the superconformal algebra is made non-trivial due to the
fact that the graded commutator of KA with PA contains generators other than PA.
This requires some of the connections to transform under KA into the vielbein. To
perform the gauging we will follow closely the approach given in [25].
8Up to conventions and for the N = 1 case the algebra (2.1) agrees with [3].
9When summing over the pairs of antisymmetric Lorentz and SO(N ) indices there is a factor of
a half which is suppressed here.
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In order to gauge the superconformal algebra10 it is useful to denote by Xa the
subset of the generators which do not contain the PA generators. The superconformal
algebra may be written as
[Xa, Xb} = −fabcXc , (2.6a)
[Xa, PB} = −faBcXc − faBCPC := −faPB c˜Xc˜ , (2.6b)
[PA, PB} = −fABCPC := −fPAPBPCPC , (2.6c)
where fAB
C contains only the constant torsion tensor f Iα
J
β
c = T Iα
J
β
c = −2iδIJ(γc)αβ .
It is seen that the generators Xa form a superalgebra. The gauge group associated
with the superalgebra will be denoted H.
In order to gauge the algebra (2.1) we associate with each generator Xa a connec-
tion one-form ωa = dzMωM
a and with PA the vielbein E
A = dzMEM
A. Their gauge
transformations are postulated to be
δHE
A = EBΛcfcB
A , (2.7a)
δHω
a = dΛa + EBΛcfcB
a + ωbΛcfcb
a , (2.7b)
with Λa the gauge parameters. A superfield Φ is said to be covariant if it transforms
under H with no derivative of the parameter Λa
δHΦ = ΛΦ := Λ
aXaΦ . (2.8)
If Φ transforms in some tensor representation of H we have matrix realizations
MabΦ = mabΦ , NIJΦ = nIJΦ , DΦ = ∆Φ , (2.9)
where ∆ is a real number corresponding to the conformal dimension, and mab and
nIJ are the Lorentz and isospin matrices associated with Φ.
11 The final generators
KA = (Ka, S
I
α) are used to define conformal primary superfields:
KAΦ = 0 . (2.10)
From the algebra, we note that if a superfield is annihilated by S-supersymmetry,
then it is necessarily primary.
It is obvious that ∂MΦ is not itself covariant. We are led to introduce the covariant
derivative
∇ = d− ωaXa , ∇ = EA∇A . (2.11)
10Gauging spacetime symmetries differs from the usual approach employed for internal symmetry
groups. The superspace approach here follows closely the one described in [25].
11These matrices obey the commutation relations [mab,mcd] = −2ηc[amb]d + 2ηd[amb]c and
[nKL, n
IJ ] = −2δI[KnL]J + 2δJ[KnL]I , compare with (2.1a) and (2.1e).
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Its transformation is found to be
δH(∇AΦ) = (−1)εAεbΛb∇AXbΦ− ΛbfbAC∇CΦ− ΛbfbAcXcΦ , (2.12)
with no derivatives on the gauge parameter Λa. Rewriting this as δH(∇AΦ) =
ΛbXb∇AΦ, we immediately find the operator relation
[Xb,∇A} = −fbAC∇C − fbAcXc . (2.13)
The curvature and torsion tensors appear in the commutator of two covariant deriva-
tives,
[∇A,∇B} = −TABC∇C − RABcXc . (2.14)
The explicit expressions for these tensors are most compactly given in terms of two-
forms
TA :=
1
2
EC ∧ EBTBCA = dEA − EC ∧ ωb fbCA , (2.15a)
Ra :=
1
2
EC ∧ EBRBCa = dωa −EC ∧ ωb fbCa − 1
2
ωc ∧ ωb fbca . (2.15b)
Using the definition of curvature and torsion together with the vielbein and connection
transformation rules (2.7) we find
δHT
A = TCΛbfbC
A − EC ∧ EBΛafaBfffCA , (2.16a)
δHR
a = RcΛbfbc
a + TCΛbfbC
a −ED ∧ ECΛbfbCfffDa . (2.16b)
Writing the transformation rules as δHT
A = ΛaXaT
A, δHR
A = ΛaXaR
A and δHE
A =
ΛbXbE
A leads to the action of Xa on the torsion and curvature:
XaTBC
D =− (−1)εa(εB+εC)TBCFfFaD − 2fa[BFT|F |C}D − 2fa[Bff|f |C}D , (2.17a)
XaRBC
d =− (−1)εa(εB+εC)
(
TBC
FfFa
d +RBC
fffa
d
)
− 2fa[BFR|F |C}d
− 2fa[Bff|f |C}d . (2.17b)
One can show the above results are the necessary conditions for the Jacobi identity
involving two ∇’s
0 = [Xa, [∇B,∇C}}+ cycles (2.18)
to be identically satisfied. The Bianchi identities
0 = [∇A, [∇B,∇C}}+ cycles (2.19)
8
can also be shown to be satisfied identically. Therefore, we have a consistent algebraic
structure12
[Xa, Xb} = −fabcXc , (2.20a)
[Xa,∇B} = −faBC∇C − faBcXc , (2.20b)
[∇A,∇B} = −TABC∇C − RABcXc , (2.20c)
which satisfies all the Jacobi identities. In the flat space limit the curvature vanishes
and the torsion becomes the usual constant torsion, so that the algebra (2.20) exactly
matches the superconformal algebra that we started with, in which PA is replaced
with ∇A. The curved case requires a deformation via the introduction of torsion and
curvature. The superconformal algebra is then said to be “gauged” in this sense.
The full set of operators (∇A, Xa) generates the conformal supergravity gauge
group G. The form of the covariant derivative suggests that we should extend the
usual diffeomorphisms δgct into covariant diffeomorphisms
13
δcgct(ξ
A) := δgct(ξ
AEA
M)− δH(ξAωAa) , (2.21)
where δgct(ξ
M) acts on scalars under diffeomorphisms as
δgctΦ = ξ
M∂MΦ . (2.22)
The full conformal supergravity gauge group G is then generated by
K = ξC∇C + ΛaXa . (2.23)
If a superfield Φ is a scalar under diffeomorphisms and covariant under the group H,
then its transformation under the full supergravity gauge group G is
δGΦ = KΦ = ξC∇CΦ + ΛaXaΦ . (2.24)
It is a straightforward exercise to show that the vielbein and connection one-forms
transform as
δGE
A = dξA + EBΛcfcB
A + ωbξCfCb
A + EBξCTCB
A , (2.25a)
δGω
a = dΛa + ωbΛcfcb
a + ωbξCfCb
a + EBΛcfcB
a + EBξCRCB
a . (2.25b)
12The reason why the sign of the structure constants was chosen was so that in the flat limit the
torsion becomes the usual structure constant for the [PA, PB} (anti-)commutator.
13These transformations are also known as covariant general coordinate transformations. Their
use is standard, see e.g. [27].
9
From this definition, one can check that the covariant derivative transforms as
δG∇A = [K,∇A] (2.26)
provided we interpret14
∇AξB := EAξB + ωAcξDfDcB , (2.27a)
∇AΛb := EAΛb + ωAcξDfDcb + ωAcΛdfdcb . (2.27b)
We can summarize the superspace geometry of conformal supergravity as follows.
The covariant derivatives have the form15
∇A = EA − ωAbXb = EA − 1
2
ΩA
abMab − 1
2
ΦA
PQNPQ −BAD− FABKB . (2.28)
The action of the generators on the covariant derivatives, eq. (2.20b), resembles that
for the PA generators given in (2.1). The supergravity gauge group is generated by
local transformations of the form (2.26) where
K = ξC∇C + 1
2
ΛcdMcd +
1
2
ΛPQNPQ + σD+ Λ
AKA (2.29)
and the gauge parameters satisfy natural reality conditions. The covariant derivatives
satisfy the (anti-)commutation relations
[∇A,∇B} = −TABC∇C − 1
2
R(M)AB
cdMcd − 1
2
R(N)AB
PQNPQ
− R(D)ABD−R(S)ABγKSKγ − R(K)ABcKc , (2.30)
where the torsion and curvature tensors are given by16
T a = dEa + Ea ∧B + Eb ∧ Ωba , (2.31a)
T αI = dE
α
I +
1
2
EβI ∧ Ωc(γc)βα +
1
2
EαI ∧B + EαJ ∧ ΦJI + iEc ∧ FβI (γc)βα , (2.31b)
R(D) = dB + 2Ea ∧ Fa − 2EαI ∧ FIα , (2.31c)
R(M)ab = dΩab + Ωac ∧ Ωcb − 4E[a ∧ Fb] − 2EαI ∧ FβI(γc)αβεcab , (2.31d)
R(N)IJ = dΦIJ + ΦIK ∧ ΦKJ − 4Eα[I ∧ FαJ ] , (2.31e)
R(K)a = dFa − Fa ∧ B + Fb ∧ Ωba + iFαI ∧ FβI(γa)αβ , (2.31f)
R(S)αI = dF
α
I − iEβI ∧ Fa(γa)βα −
1
2
FαI ∧ B +
1
2
F
β
I ∧ Ωc(γc)βα + FαJ ∧ ΦJI . (2.31g)
14One must take care in applying the formulae (2.26) and (2.27). Observe that we can have Λb = 0
but ∇AΛb 6= 0 if either ξDfDcb or Λdfdcb is non-vanishing.
15Note that the complex conjugation rule (A.13) induces a natural reality condition on the vielbein
and the connections.
16Since SO(N ) vector indices are raised and lowered using the Kronecker delta, there is no need
to distinguish between upper and lower SO(N ) vector indices.
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3 Conformal gravity in D ≥ 3 dimensions
Before we turn to 3D conformal supergravity we will first discuss conformal gravity
in D ≥ 3 dimensions.17 To do so we note that the bosonic part of the superconformal
algebra (2.1) without the SO(N ) generator can be straightforwardly extended to D
dimensions. The algebra is
[Mab,Mcd] = 2ηc[aMb]d − 2ηd[aMb]c , (3.1a)
[Mab, Pc] = 2ηc[aPb] , [D, Pa] = Pa , (3.1b)
[Mab, Kc] = 2ηc[aKb] , [D, Ka] = −Ka , (3.1c)
[Ka, Pb] = 2ηabD + 2Mab , (3.1d)
where all other commutators vanish and ηab is the the D-dimensional Minkowski
metric. It is clear that the gauging procedure of section 2.2 may be straightforwardly
extended to conformal gravity in D dimensions, while the restriction to a bosonic
manifold is trivial.
The covariant derivatives have the form
∇a = ea − 1
2
ωa
bcMbc − baD− fabKb , ea := eam∂m , (3.2)
where
ωa
bc := ea
mωm
bc , ba := ea
mbm , fa
b := ea
mfm
b . (3.3)
The covariant derivatives satisfy the same algebra as Pa, except for the introduction
of curvatures and torsion
[∇a,∇b] = −Tabc∇c − 1
2
R(M)ab
cdMcd −R(D)abD− R(K)abcKc , (3.4)
where the curvatures and torsion are given by the form expressions:
T a = dea + ea ∧ b+ eb ∧ ωba , (3.5a)
R(M)ab = dωab + ωac ∧ ωcb − 4e[a ∧ fb] , (3.5b)
R(D) = db+ 2ea ∧ fa , (3.5c)
R(K)a = dfa − fa ∧ b+ fb ∧ ωba . (3.5d)
In order to define the spin connection (as a composite object) it is necessary to impose
some covariant constraint. The appropriate constraint is
Tab
c = 0 . (3.6)
17Conformal gravity has been discussed elsewhere in many places, e.g. [27]. Here we review
conformal gravity emphasizing some points relevant to our paper. The important feature is that the
algebra of covariant derivatives may be constructed entirely in terms of a primary superfield.
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It is clear that the constraint is Lorentz and dilatation invariant, while the conformal
invariance may be checked by making use of the Jacobi identity
[[Ka,∇b],∇c]− [Ka,∇c],∇b] + [[∇b,∇c], Ka] = 0
=⇒ [Ka, [∇b,∇c]] = 2[[Ka,∇[b],∇c]] . (3.7)
The right hand side is identically zero as a result of the conformal algebra, so that
[Ka, [∇b,∇c]] = 0 . (3.8)
From here we see that KaTbc
d = 0.18 As a result the constraint (3.6) is conformally
covariant.
The K-gauge transformation of ba is
δK(Λ) ba = −2Λa . (3.9)
It is clear that the K-gauge transformations can be completely used up to make the
gauge choice
ba = 0 . (3.10)
In what follows we make use of this gauge choice.
It is necessary to constrain the curvatures to correspond to the structure of con-
formal gravity. Now constraining the torsion
Tab
c = −Cabc + 2ω[ab]c , Cabc = −2eamenb ∂[men]c = 2e[aeb]memc (3.11)
to vanish (3.6) allows one to solve for the Lorentz connection in the usual way,
ωabc =
1
2
(Cabc − Cacb − Cbca) . (3.12)
Next we note that the Lorentz curvature is given by
R(M)ab
cd = Rabcd + 8δ[c[afb]d] , (3.13)
where
Rabcd := 2e[ameb]n∂mωncd − 2ω[acfωb]f d (3.14)
is the standard Riemann tensor constructed from ω. Since we want the special confor-
mal connection to be a composite field we impose the conformal gravity constraint19
ηbdR(M)abcd = 0 . (3.15)
18Torsion has dimension 1 and Ka carries dimension −1; therefore, KaTbcd has nothing of lower
dimension to transform into.
19From the transformations of the curvatures in the last section it is easy to see that when the
torsion vanishes it holds that KeR(M)abcd = 0, which makes eq. (3.15) a conformally invariant
constraint.
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This constraint gives
fab = − 1
2(D − 2)Rab +
1
4(D − 1)(D − 2)ηabR , (3.16)
where
Rac := ηbdRabcd , R := ηabRab . (3.17)
Putting our solution for fab into our expression for R(M)ab
cd leads us to the result
that R(M)ab
cd coincides with the conformal Weyl tensor
R(M)abcd = Cabcd = Rabcd − 2
D − 2(ηa[cRd]b − ηb[cRd]a) +
2
(D − 1)(D − 2)Rηa[cηd]b .
(3.18)
Furthermore, since fab is symmetric we also have
R(D)ab = 4f[ab] = 0 . (3.19)
We can also infer information about the conformal curvature R(K)ab
c. Due to the
constraint (3.6) the Bianchi identity
∇[a∇b∇c] = 0 (3.20)
may be expanded as
0 =
1
2
∇[aR(M)bc]deMde + 2R(K)[abdMc]d −R(M)[abc]d∇d −R(D)[ab∇c]
+∇[aR(D)bc]D− 2R(K)[abc]D+∇[aR(K)bc]dKd
=
1
2
∇[aR(M)bc]deMde + 2R(K)[abdMc]d −R(M)[abc]d∇d
− 2R(K)[abc]D+∇[aR(K)bc]dKd , (3.21)
where we used the fact that R(D) = 0. This result leads to the identities
R(K)[abc] = 0 , (3.22a)
R(M)[abc]
d = 0 , (3.22b)
∇[aR(K)bc]d = 0 , (3.22c)
∇[aR(M)bc]de − 4R(K)[ab[dδe]c] = 0 . (3.22d)
Contracting c with d in eq. (3.22d), and using the constraint (3.15), gives
1
2
∇cR(M)abce + (D − 3)R(K)abe − 2R(K)c[acδeb] = 0 . (3.23)
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From here we deduce that for D ≥ 3 we have
R(K)ab
b = 0 (3.24)
and
2(D − 3)R(K)abc = ∇dR(M)abcd = ∇dCabcd . (3.25)
Thus all the curvatures may be expressed in terms of the Weyl tensor Cabcd for D ≥ 4.
Therefore, the vanishing of the Weyl tensor Cabcd implies the vanishing of all the
conformal gravity curvatures and hence conformal flatness.
The D = 3 case is special because the Weyl tensor (the traceless part of R(M)abcd)
vanishes for the choice of ω which solves the torsion constraint (3.6).20 Due to the
constraint (3.15) it must also correspond to the traceless part of R(M)abcd. Thus we
automatically have R(M)abcd = 0.
In 3D the commutator of two covariant derivatives only involves the special con-
formal connection21
[∇a,∇b] = −R(K)abcKc . (3.26)
One can show that
R(K)mn
c := em
aen
bR(K)ab
c = 2∂[mfn]
c + ω[m
bcfn]b
= 2D[mfn]c , (3.27)
where we introduce the Lorentz-covariant derivative
Dm = ∂m − 1
2
ωm
abMab , Da := eamDm . (3.28)
Since the torsion vanishes, the curvature may also be written as
−1
2
Wabc := R(K)abc = 2D[afb]c = −D[aRb]c − 1
4
ηc[aDb]R , (3.29)
where Wabc is the Cotton tensor. Furthermore, it is easy to see that when the Cotton
tensor vanishes the space is conformally flat.
Due to the symmetry properties satisfied by the Cotton tensor,22
Wabc = −Wbac , W[abc] = 0 , Wabb = 0 , (3.30)
203D has the unique property that the Riemann tensor is completely determined by the Ricci
tensor.
21R(K)ab
c is a conformal primary, KaR(K)bc
d = 0, as a result of eq. (3.8).
22Keep in mind the eqs. (3.22a) and (3.24).
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we can instead view it as a traceless symmetric rank 2 tensor
Wab :=
1
2
εa
cdWcdb , Wab = Wba , W
a
a = 0 . (3.31)
The Cotton tensor also satisfies a divergenceless condition as a result of eq. (3.22c)
∇bWab = 0 . (3.32)
Note that we could have also chosen bm 6= 0. However, in this case R(D)ab would
still vanish because it is invariant under the K-gauge transformations, KcR(D)ab = 0.
In fact, in order to derive the geometry all that is required is to impose the constraints
Tab
c = 0 , R(M)abcd = 0 . (3.33)
Considering the term appearing in front of the covariant derivative in the Bianchi
identity
∇[a∇b∇c] = 0 , (3.34)
we see that under the constraints (3.33) R(D)ab vanishes also. The Cotton tensor is
again given by the only surviving curvature, the special conformal curvature. We note
that these constraints are conformally invariant, and so the composite expressions for
ωabc and fab, which depend on bm in general, retain their original transformation laws.
4 N -extended conformal supergravity
We saw in the last subsection that in the conformal gravity approach the covariant
derivative algebra may be expressed in terms of a single primary superfield: the Weyl
tensor for D ≥ 4 and the Cotton tensor in D = 3. Therefore in the 3D N -extended
case we look for a formulation in which the entire covariant derivative algebra is
expressed in terms of a single primary superfield, theN -extended super Cotton tensor.
A feature of such a setting is that the vanishing of the super Cotton tensor implies
trivially that the space is conformally flat.
The super Cotton tensor possesses a different index structure for various values
of N . In the bosonic case, N = 0, the Cotton tensor may be expressed in terms of
spinor indices as
Wαβγδ := (γ
a)αβ(γ
b)γδWab = W(αβγδ) , (4.1)
which is totally symmetric since Wab is both symmetric and traceless. The super
Cotton tensors for N = 1 and N = 2 are described by superfields Wαβγ = W(αβγ) and
15
Wαβ = W(αβ) and were given in [19] and [30] respectively. For N > 3 it is known [12]
that the super Cotton tensor may be described by a totally antisymmetric SO(N )
superfield W IJKL = W [IJKL], while for N = 3 we will see that the super Cotton
tensor is described by a real spinor superfield Wα.
For the known formulations of conformal superspace in 4D the constrained ge-
ometry describing conformal supergravity surprisingly takes a simple form [24, 25],
despite gauging the entire structure group. More precisely, the curvature structure
of the theory resembles super Yang-Mills. As we will demonstrate below, the corre-
sponding ansatz in 3D turns out to be a very economical means of constraining the
curvatures of the theory. In what follows we will proceed case by case with increasing
values of N .
4.1 The N = 1 case
We begin by first considering the N = 1 case. It is necessary to constrain the
curvatures so as to describe conformal supergravity. We constrain the curvatures by
{∇α,∇β} = 2i∇αβ . (4.2)
It then follows from the Bianchi identities that the remaining commutation relations
may be written entirely in terms of the operator
Wα = W (P )α
a∇a +W (Q)αβ∇β + 1
2
W (M)α
abMab
+W (D)αD+W (K)α
aKa +W (S)α
βSβ . (4.3)
The remaining commutation relations are
[∇a,∇α] = −1
2
(γa)α
βWβ , (4.4)
[∇a,∇b] = i
4
εabc(γ
c)αβ{∇α,Wβ} , (4.5)
where Wα must satisfy the Bianchi identity
{∇α,Wα} = 0 . (4.6)
Moreover, as a result of the Jacobi identities, Wα must be of dimension-3/2 and a
conformal primary:
[D,Wα] =
3
2
Wα , {Sα,Wβ} = 0 . (4.7)
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We now make the following simple ansatz for Wα
23
Wα =W (K)α
aKa +W (S)α
βSβ . (4.8)
Then the Bianchi identity (4.6) implies
W (S)α
β = 0 , Wαβγ := W (K)α
a(γa)βγ =W(αβγ) (4.9)
and the conformally invariant constraint
∇αWαβγ = 0 . (4.10)
The conditions (4.7) give
DWαβγ =
5
2
Wαβγ , SδWαβγ = 0 . (4.11)
The covariant derivative algebra takes the simple form
{∇α,∇β} = 2i∇αβ , (4.12a)
[∇a,∇α] = 1
4
(γa)α
βWβγδK
γδ , (4.12b)
[∇a,∇b] = − i
8
εabc(γ
c)αβ∇αWβγδKγδ − 1
4
εabc(γ
c)αβWαβγS
γ . (4.12c)
The above algebra has the property that it may be written in terms of a primary
superfield Wαβγ with the symmetry properties of the N = 1 super Cotton tensor. In
particular, we see that the only curvatures in (4.12c) which arise in the algebra are
R(K)ab
c and R(S)ab
γ, which should correspond to the component Cotton and Cottino
tensors. In section 5 we will see that Wαβγ is indeed proportional to the super Cotton
tensor in the formulation of [14].
4.2 The N = 2 case
In the N = 2 case we take24
{∇Iα,∇Jβ} = 2iδIJ∇αβ + 2iεαβεIJW , (4.13)
where
W = W (P )a∇a +W (Q)αI∇Iα +
1
2
W (M)abMab +W (D)D
+W (K)aKa +W (S)
α
IS
I
α +
1
2
W (N)IJNIJ . (4.14)
23We are motivated by the fact that the torsion and Lorentz and dilatation curvatures vanish in
the bosonic case.
24The antisymmetric tensors εIJ = εIJ are normalized as ε
12 = ε12 = 1.
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The remaining commutation relations are
[∇a,∇Jβ ] = −εJK(γa)βγ [∇γK ,W ] , (4.15)
[∇a,∇b] = i
4
εabc(γ
c)γδεKL{∇γK , [∇δL,W ]} , (4.16)
with W satisfying the Bianchi identity
εK(I{∇γJ), [∇γK ,W ]} = 0 . (4.17)
Moreover, W must be of dimension-1 and a conformal primary:
[D,W ] =W , [SIα,W ] = 0 . (4.18)
The Bianchi identity (4.17) may be solved by the ansatz
W = W (K)aKa . (4.19)
Introducing the notation Wαβ := W (K)
a(γa)αβ, we find the following conformally
invariant constraint
∇αIWαβ = 0 , (4.20)
while the conditions (4.18) give
DWαβ = 2Wαβ , S
K
γ Wαβ = 0 . (4.21)
Hence Wαβ is a primary superfield of dimension-2. We will verify in section 5 that
Wαβ corresponds to the N = 2 super Cotton tensor.
We then find the algebra to be
{∇Iα,∇Jβ} = 2iδIJ∇αβ − iεIJεαβWγδKγδ , (4.22a)
[∇a,∇Jβ ] =
1
2
(γa)β
γεJK∇γKW αδKαδ + i(γa)βγεJKW γδSδK , (4.22b)
[∇a,∇b] = − i
8
εabc(γ
c)γδ
(
εKL(∇γK∇δLWαβKαβ + 4i∇γKWδβSβL)− 8WγδJ
)
,
(4.22c)
where we conveniently introduce the U(1) generator J defined by
NKL = iεKLJ , J := − i
2
εKLNKL . (4.23)
The operator J acts on the covariant derivatives as
[J ,∇Iα] = −iεIJ∇αJ . (4.24)
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It is often easier to work in a complex basis for the spinor covariant derivatives:
∇α = 1√
2
(∇1α − i∇2α) , ∇¯α = −
1√
2
(∇1α + i∇2α) , (4.25)
with definite U(1) charges:
[J ,∇α] = ∇α , [J , ∇¯α] = −∇¯α . (4.26)
The SO(2) connection and curvature then take the form
1
2
ΦA
KLNKL = iΦAJ , 1
2
R(N)AB
KLNKL = iR(J )ABJ . (4.27)
The conjugation rule in the complex basis is
(∇αF )∗ = (−1)ε(F )∇¯αF¯ , (4.28)
where F is a complex superfield and F¯ = (F )∗ is its complex conjugate.
In the new basis (∇α, ∇¯α), the covariant derivative algebra (4.22) takes the form
{∇α,∇β} = 0 , {∇¯α, ∇¯β} = 0 , (4.29a)
{∇α, ∇¯β} = −2i∇αβ − εαβWγδKγδ , (4.29b)
[∇a,∇β] = i
2
(γa)β
γ∇γW αδKαδ − (γa)βγW γδS¯δ , (4.29c)
[∇a,∇b] = − i
8
εabc(γ
c)γδ
(
i[∇γ, ∇¯δ]WαβKαβ + 4∇¯γWδβS¯β + 4∇γWδβSβ (4.29d)
− 8WγδJ
)
, (4.29e)
where we define
Sα :=
1√
2
(S1α + iS
2
α) , S¯α :=
1√
2
(S1α − iS2α) . (4.30)
In the complex basis the generators act on the covariant derivatives as
[Mαβ ,∇γ ] = εγ(α∇β) , [Mαβ , ∇¯γ] = εγ(α∇¯β) , (4.31a)
[D,∇α] = 1
2
∇α , [D, ∇¯α] = 1
2
∇¯α , (4.31b)
[J ,∇α] = ∇α , [J , ∇¯α] = −∇¯α , (4.31c)
{Sα, Sβ} = 0 , {S¯α, S¯β} = 0 , {Sα, S¯β} = 2iKαβ , (4.31d)
[Sα, Kb] = 0 , (4.31e)
[Mαβ , Sγ ] = εγ(αSβ) , [Mαβ , S¯γ] = εγ(αS¯β) , (4.31f)
[D, Sα] = −1
2
Sα , [D, S¯α] = −1
2
S¯α , (4.31g)
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[J , S¯α] = S¯α , [J , Sα] = −Sα , (4.31h)
[Ka,∇α] = −i(γa)αβS¯β , [Ka, ∇¯α] = i(γa)αβSβ , (4.31i)
[S¯α,∇a] = i(γa)αβQβ , [Sα,∇a] = −i(γa)αβQ¯β , (4.31j)
{S¯α,∇β} = 0 , {Sα, ∇¯β} = 0 , (4.31k)
{S¯α, ∇¯β} = −2εαβD+ 2Mαβ − 2εαβJ , {Sα,∇β} = 2εαβD− 2Mαβ − 2εαβJ .
(4.31l)
One may compare the equations (4.31) with the algebra given in four-dimensional
N = 1 conformal superspace [24].
4.3 The N = 3 case
In the N = 3 case we take
{∇Iα,∇Jβ} = 2iδIJ∇αβ + 2iεαβW IJ , (4.32)
where we require W IJ to have dimension 1 and be a conformal primary
[D,W IJ ] = W IJ , [SIα,W
JK ] = 0 . (4.33)
We find the remaining commutation relations
[∇a,∇Iα] = −
1
2
(γa)α
β[∇βJ ,W IJ ] , (4.34)
[∇a,∇b] = i
12
εabc(γ
c)αβ{∇αK , [∇βL,WKL]} , (4.35)
and the Bianchi identity
[∇Iγ ,W JK] = [∇[Iγ ,W JK]]−
1
2
(δIJ [∇γL,WKL]− δIK [∇γL,W JL]) . (4.36)
Based on our experience with the previous cases we expect that the covariant
derivative algebra should be expressed entirely in terms of the N = 3 super Cotton
tensor, Wα. We therefore conjecture
W IJ := εIJKWK , W
K = iW γSKγ + A(γ
c)αβ(∇KαWβ)Kc (4.37)
and A is some constant to be determined. Requiring W I to be a conformal primary
fixes the coefficient as
WK = iW γSKγ +
1
2
(γc)γδ(∇Kγ Wδ)Kc . (4.38)
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Furthermore, the Bianchi identity (4.36) is identically satisfied if we demand the
conformally invariant constraint
∇γIWγ = 0 . (4.39)
We find the algebra to be
{∇Iα,∇Jβ} = 2iδIJ∇αβ − 2εαβεIJLW γSγL + iεαβ(γc)γδεIJK(∇γKWδ)Kc , (4.40a)
[∇a,∇Jβ ] = εJKL(γa)βγ
[
iW γNKL + i(∇γKW δ)SδL
+
1
4
(γc)δρ(∇γK∇δLW ρ)Kc
]
, (4.40b)
[∇a,∇b] = −1
2
εabc(γ
c)αβε
IJK
[
(∇αIW β)NJK +
1
2
(∇αI∇βJW γ)SγK
− i
12
(γd)γδ(∇αI∇βJ∇γKW δ)Kd
]
. (4.40c)
4.4 The N > 3 case
For the N > 3 case we again take
{∇Iα,∇Jβ} = 2iδIJ∇αβ + 2iεαβW IJ (4.41)
and require W IJ to be of dimension-1 and a conformal primary
[D,W IJ ] = W IJ , [SIα,W
JK ] = 0 . (4.42)
Then we find the remaining commutation relations to be
[∇a,∇Iα] = −
1
(N − 1)(γa)α
β[∇βJ ,W IJ ] , (4.43)
[∇a,∇b] = i
2N (N − 1)εabc(γ
c)αβ{∇αK , [∇βL,WKL]} , (4.44)
where W IJ satisfies the Bianchi identity
[∇Iγ ,W JK] = [∇[Iγ ,W JK]]−
1
N − 1(δ
IJ [∇γL,WKL]− δIK [∇γL,W JL]) . (4.45)
The above algebra and constraints are modeled on those describing a vector multiplet,
see appendix B.
Now we expect that the covariant derivative algebra should be expressed entirely
in terms of the N > 3 super Cotton tensor, W IJKL and at the lowest dimension we
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expect it will appear in front of the SO(N ) generator (see [14] or section 5). We
therefore conjecture that W IJ takes the form
W IJ =
1
2
W IJKLNKL + A(∇αKW IJKL)SαL +Bi(γc)αβ(∇αK∇βLW IJKL)Kc , (4.46)
with A and B some constants to be determined. Requiring W IJ to be a conformal
primary fixes the coefficients as
W IJ =
1
2
W IJKLNKL − 1
2(N − 3)(∇
α
KW
IJKL)SαL
− i
4(N − 2)(N − 3)(γ
c)αβ(∇αK∇βLW IJKL)Kc , (4.47)
while the Bianchi identity (4.45) for N > 4 is identically satisfied if we demand the
conformally invariant constraint
∇IαW JKLP = ∇[IαW JKLP ] −
4
N − 3∇αQW
Q[JKLδP ]I . (4.48)
In the N = 4 case, the equation (4.48) is trivially satisfied, and instead a funda-
mental Bianchi identity occurs at dimension-2. The super Cotton tensor is equiva-
lently described by a scalar primary superfield in this case, W IJKL := εIJKLW , and
eq. (4.45) is solved by
∇αI∇JαW =
1
4
δIJ∇αP∇PαW . (4.49)
The algebra of covariant derivatives for N > 3 may be found to be
{∇Iα,∇Jβ} = 2iδIJ∇αβ + iεαβW IJKLNKL −
i
N − 3εαβ(∇
γ
KW
IJKL)SγL
+
1
2(N − 2)(N − 3)εαβ(γ
c)γδ(∇γK∇δLW IJKL)Kc , (4.50a)
[∇a,∇Jβ ] =
1
2(N − 3)(γa)βγ(∇
γ
KW
JPQK)NPQ
− 1
2(N − 2)(N − 3)(γa)βγ(∇
γ
L∇δPW JKLP )SδK
− i
4(N − 1)(N − 2)(N − 3)(γa)βγ(γ
c)δρ(∇γK∇δL∇ρPW JKLP )Kc ,
(4.50b)
[∇a,∇b] = 1
4(N − 2)(N − 3)εabc(γ
c)αβ
(
i(∇αI∇βJW PQIJ)NPQ
+
i
(N − 1)(∇
α
I∇βJ∇γKWLIJK)SγL
+
1
2N (N − 1)(γ
d)γδ(∇αI∇βJ∇γK∇δLW IJKL)Kd
)
. (4.50c)
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It is worth mentioning that although we considered the N > 3 case separately,
its covariant derivative algebra contains information about the lower N cases. To see
this let us consider each value of N separately.
For the N = 3 case we may formally rewrite all terms in the algebra (4.50)
involving spinor derivatives of W IJKL in terms of Wα,
εIJKWα := − i
2(N − 3)∇αLW
IJKL . (4.51)
Then by independently switching off the remaining super Cotton tensor W IJKL we
recover the algebra (4.40).
For the N = 2 case we similarly rewrite all terms involving two or more spinor
derivatives in the algebra (4.50) in terms of Wαβ :
εIJWαβ :=
i
2(N − 2)(N − 3)∇αK∇βLW
IJKL . (4.52)
Independently switching off the remaining terms produces the algebra (4.22).
Finally, the N = 1 case may be recovered similarly. To do so we introduce Wαβγ
as
Wαβγ :=
i
(N − 1)(N − 2)(N − 3)∇(αK∇βL∇γ)PW
JKLP (4.53)
and set to zero the lower dimension fields in the algebra (4.50). This precisely recovers
the N = 1 algebra (4.12).
Thus we may recover all cases from the algebra (4.50). The corresponding Bianchi
identities (4.10), (4.20) and (4.39) can be similarly deduced from the consequences of
the Bianchi identity (4.48).
To conclude this section, we note that the N = 8 case is special since the su-
per Cotton tensor is a reducible tensor. We can consistently constrain W IJKL to be
self-dual or anti-self-dual. The resulting conformal supergeometry may be shown to
reduce, upon degauging spelled out in the next section, to the N = 8 Weyl super-
multiplet described in [15].
5 Degauging N -extended conformal superspace
Although the conformal superspace constructed in the previous section involves
gauging the entire superconformal algebra,25 this has traditionally not been the case
25As in the case of superconformal tensor calculus [3, 7, 4, 5].
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for conventional superspace formulations. This is because it was seen as unnecessary,
since with a smaller structure group the local scale and the special conformal trans-
formations may be realized economically as special gauge transformations, known as
super-Weyl transformations. This is exactly the approach adopted in [12, 14] where
the N -extended case in superspace was addressed by gauging SL(2,R)×SO(N ). We
will refer to the construction of [12, 14] as SO(N ) superspace.
In this section we will show how the conventional gauging of [14] may be seen to
originate within the conformal superspace formulated in the last section. We begin
with a discussion of some of the salient facts of SO(N ) superspace and then show how
the superspace may be derived via gauge-fixing some of the symmetries of conformal
superspace. Furthermore, by using the degauging procedure of this section we verify
our claim that the primary superfields appearing in each of the covariant derivative
algebras are the corresponding super Cotton tensors. Finally, we derive the super-
Weyl transformations of SO(N ) superspace entirely from our conformal superspace.
5.1 SO(N ) superspace
The superspace geometry of [12, 14] has the structure group SL(2,R) × SO(N ).
The covariant derivatives are given by26
DA = EAM∂M − 1
2
ΩA
bcMbc − 1
2
ΦA
PQNPQ , (5.1)
with the algebra
[DA,DB} = −TABCDC − 1
2
RAB
cdMcd − 1
2
RAB
PQNPQ . (5.2)
The torsion is subject to the conventional constraints [12]:
T Iα
J
β
c = −2iδIJ(γc)αβ , (dimension 0) (5.3a)
T Iα
J
β
γ
K = 0 , T
I
αb
c = 0 , (dimension 1/2) (5.3b)
Tab
c = 0 , εβγTa
[J
β
K]
γ = 0 . (dimension 1) (5.3c)
The solution to the constraints (5.3) is given in terms of the superfields
W IJKL = W [IJKL] , SIJ = S(IJ) , Ca
IJ = Ca
[IJ ] , (5.4)
26Here, we have slightly altered the conventions of [14] by changing the signs of the connections,
torsions and curvatures.
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which appear at dimension-1 in the covariant derivative algebra27
{DIα,DJβ} = 2iδIJ(γc)αβD′c − 2iεαβCγδIJMγδ − 4iSIJMαβ
+
(
iεαβW
IJKL − 4iεαβSK[IδJ ]L + iCαβKLδIJ − 4iCαβK(IδJ)L
)
NKL .
(5.5)
The Bianchi identities imply the dimension-3/2 constraints [14]
DIαSJK = 2TαI(JK) + Sα(JδK)I −
1
N Sα
IδJK , (5.6a)
DIαCβγJK =
2
3
εα(β
(
Cγ)
IJK + 3Tγ)JKI + 4(D[Jγ)S)δK]I +
N − 4
N Sγ)
[JδK]I
)
+ Cαβγ
IJK − 2Cαβγ [JδK]I , (5.6b)
DIαW JKLP =WαIJKLP − 4Cα[JKLδP ]I , (5.6c)
where the symmetry properties of the superfields TαIJK , CαβγIJK , CαβγI andWαIJKLP
are
TαIJK = Tα[IJ ]K , δJKTαIJK = Tα[IJK] = 0 , (5.7a)
Cαβγ
IJK = C(αβγ)
IJK = Cαβγ
[IJK] , Cαβγ
I = C(αβγ)
I , (5.7b)
Cα
IJK = Cα
[IJK] , Wα
IJKPQ = Wα
[IJKPQ] . (5.7c)
The superspace formulation of [12, 14] describes conformal supergravity since the
torsion constraints admit super-Weyl transformations. The constraints (5.3) can be
shown to be invariant under arbitrary super-Weyl transformations of the form [14]28
δσDIα =
1
2
σDIα + (DβIσ)Mαβ + (DαJσ)N IJ , (5.8a)
δσD′a = σD′a +
i
2
(γa)
γδ(DKγ σ)DδK + εabc(D′bσ)M c
+
i
16
(γa)
γδ([DKγ ,DLδ ]σ)NKL , (5.8b)
where σ is a real unconstrained superfield. This requires the torsion and curvature
components to transform as29
δσS
IJ = σSIJ − i
8
[Dγ(I ,DJ)γ ]σ , (5.8c)
δσCa
IJ = σCa
IJ − i
8
(γa)
γδ[D[Iγ ,DJ ]δ ]σ , (5.8d)
δσW
IJKL = σW IJKL . (5.8e)
27We have placed a prime on the vector covariant derivative since it will differ from the one we
find from straightforward degauging. We have also denoted the super Cotton tensor by W IJKL
instead of XIJKL.
28In the case N = 8, the super-Weyl transformations were first given in [15].
29Notice that W IJKL is the only superfield which transforms homogeneously. For N > 3 it is the
super Cotton tensor.
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Remarkably, the formulation of [12, 14] treats all cases simultaneously and pos-
sesses the simple torsion constraints (5.3).
5.2 Conventional degauging
The structure of conformal superspace differs from that of [12, 14] by the addition
of dilatation and special conformal symmetry in the structure group. To fix these
additional symmetries we follow the procedure given in [24, 25].
We first note that under a KA-transformation the dilatation gauge field B =
EaBa + E
α
I B
I
α transforms as
δK(Λ)B = −2EaΛa + 2EαIΛIα , (5.9)
which permits the gauge choice
BA = 0 . (5.10)
This completely removes the dilatation connection from all the covariant derivatives.
The special conformal connection FA still remains. However, its symmetry has
been fixed and as a result we introduce degauged covariant derivatives with no special
conformal connection
DA := ∇A + FABKB , (5.11)
where DA corresponds to the structure group SL(2,R) × SO(N ) and possesses the
algebra30
[DA,DB} = −TˆABCDC − 1
2
RˆAB
cdMcd − 1
2
RˆAB
IJNIJ . (5.12)
In fact, it is possible to show that up to a redefinition of the degauged vector covariant
derivatives, the torsion and curvature correspond to those of [14]. To see this we first
note that the torsion tensors are related by
T a = Tˆ a , T αI = Tˆ
α
I + iE
a ∧ FβI (γa)βα . (5.13)
We then see that the torsion is constrained as in eqs. (5.3) except that31
εβγTˆa
[J
β
K]
γ 6= 0 . (5.14)
This is due to the fact that the degauged covariant derivatives are defined slightly
differently to those of [14]. We now turn to explaining this point by explicitly deriving
the constraints obeyed by the special conformal connection coefficients FA
B.
30The hatted objects denote the degauged versions of the torsion and curvatures.
31This torsion component only vanishes for N = 1.
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5.3 The degauged special conformal connection
In the gauge (5.10) the dilatation curvature is32
R(D)AB = 2FAB(−1)εB − 2FBA(−1)εA+εAεB . (5.15)
The vanishing of the dilatation curvature constrains the special conformal connection
as
FAB = FBA(−1)εAεB+εA+εB (5.16)
which implies33
FIα
J
β = −FJβIα = iCαβIJ − iεαβSIJ , (5.17a)
Fαβ,
K
γ = −FKγ ,αβ = CαβγK +
2
3
εγ(αCβ)
K , (5.17b)
Fab = Fba , (5.17c)
where the superfields SIJ , Cαβ
IJ , Cαβγ
I and Cα
I satisfy the symmetry properties
SIJ = S(IJ) , Cαβ
IJ = C(αβ)
[IJ ] , Cαβγ
I = C(αβγ)
I . (5.18)
From here it is possible to derive the degauged covariant derivative algebra by com-
puting [DA,DB}. An efficient way to do this is to consider a conformal primary
tensor superfield Φ transforming in some representation of the remainder of the su-
perconformal algebra (compare with [25]). For example, to determine the dimension-1
covariant derivative algebra we consider
{DIα,DJβ}Φ = {∇Iα,∇Jβ}Φ+ FIαC [KC ,∇Jβ}Φ + FJβC [KC ,∇Iα}Φ . (5.19)
Making use of the form of F and of the superconformal algebra we find
{DIα,DJβ} = 2iδIJ(γc)αβDc − 2iεαβCγδIJMγδ − 4iSIJMαβ
+
(
iεαβW
IJKL − 4iεαβSK[IδJ ]L − 4iCαβK(IδJ)L
)
NKL ,
= 2iδIJ(γc)αβD′c − 2iεαβCγδIJMγδ − 4iSIJMαβ
+
(
iεαβW
IJKL − 4iεαβSK[IδJ ]L + iCαβKLδIJ − 4iCαβK(IδJ)L
)
NKL ,
(5.20)
where
D′a = Da −
1
2
Ca
IJNIJ . (5.21)
32We have lowered the index on the K-connection as FAb = ηbcFA
c and FA
I
β = εβγδ
IJFA
γ
J .
33The reason for the chosen coefficients will be clear later.
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The degauged covariant derivative algebra agrees with the one given in [14], with
the vector covariant derivative defined above. The reason for the difference in the
vector covariant derivative can be attributed to the appearance of the non-zero torsion
component,
εβγTˆa
[J
β
K]
γ = −2CaJK , (5.22)
which can be removed if one redefines the vector covariant derivative as in eq. (5.21).34
Therefore, the degauged version of conformal superspace is constrained in such a way
so as to correspond to the formulation of [12, 14].
The torsion and curvature in [14] are constrained by a set of dimension-3/2 Bianchi
identities. These must follow directly from the degauging procedure. To derive these
explicitly, we analyze the constraints imposed on the special conformal curvatures
R(S)AB
γ
K = 2D[AFB}γK + TˆABDFDγK + iδAδKFBc(γc)δγ(−1)εB
− iδBδKFAc(γc)δγ(−1)εBεA+εA , (5.23a)
R(K)AB
c = 2D[AFB}c + TˆABDFDc + iFAγKFBδK(γc)γδ(−1)εB
− iFBγKFAδK(γc)γδ(−1)εBεA+εA , (5.23b)
which appear in the covariant derivative algebra of the conformal covariant derivatives
∇A. We will consider each case in turn.
5.3.1 The N = 1 case
In the N = 1 case the special conformal connection is given by
Fαβ = −Fβα = −iεαβS , (5.24a)
Fαβ,γ = −Fγ ,αβ = Cαβγ + 2
3
εγ(αCβ) . (5.24b)
From the N = 1 algebra (4.12), we find R(S)αβγ = 0, which together with (5.23a)
implies
2D(αFβ)γ − 2iFαβ,γ + 2iFγ(α,β) = 0 =⇒ Cα = DαS . (5.25)
The constraint R(S)aβ
α = 0 gives
DaFβα −DβFaα + TˆaβγFγα − iFa,αβ = 0 . (5.26)
Then using the degauged torsion
Tˆaβ
γ = −(γa)βγS (5.27)
34In fact, the definition of the vector covariant derivative in [14] was chosen due to the simpler
looking torsion constraints.
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we deduce the constraint
DαCαβγ = −4i
3
DβγS =⇒ DαCβγδ = D(αCβγδ) − iεα(βDγδ)S (5.28)
and the final expression for the remaining component of FAB:
Fab = − i
4
(γa)
αβ(γb)
γδD(αCβγδ) + i
6
ηabD2S + ηabS2 . (5.29)
The above results show that we recover the N = 1 superspace geometry of [14].
Moreover, the results for FAB are important because they enable us to take a superfield
expression in conformal superspace and degauge to the corresponding result in the
superspace formulation of [14].
With the degauging procedure outlined above we can go one step further. First
note that the superfield Wαβγ has the appropriate index structure and dimension to
correspond to the N = 1 supersymmetric super Cotton tensor. To verify this we
can derive an expression for Wαβγ in the degauged superspace and show that it is
proportional to the expression given in [19]. Using the constraint
R(K)aα
b = −1
4
(γa)α
β(γb)γδWβγδ (5.30)
and the corresponding definition for R(K)aα
b in (5.23b), we find
1
4
(γa)α
β(γb)
γδWβγδ = −DaFαb +DαFab − TˆaαβFβb + 2iFαγFaδ(γb)γδ , (5.31)
which gives
Wαβγ = −iD2Cαβγ − 2D(αβDγ)S − 8SCαβγ . (5.32)
This is indeed proportional to the super Cotton tensor given in [19]. The divergence-
less condition (4.10) reduces to
DαWαβγ = 0 . (5.33)
Since the degauged special conformal connection is important for comparing the
results of conformal superspace with those derived in the formulation of [14], we
summarize its components below:
Fαβ = −Fβα = −iεαβS , (5.34a)
Fαβ,γ = −Fγ ,αβ = Cαβγ + 2
3
εγ(αDβ)S , (5.34b)
Fab = − i
4
(γa)
αβ(γb)
γδD(αCβγδ) + i
6
ηabD2S + ηabS2 . (5.34c)
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5.3.2 The N > 1 case
For N > 1 we will need the lowest dimension component of (5.23a),
R(S)Iα
J
β
K
γ = DIαFJβKγ +DJβFIαKγ − 2iδIJFαβ,Kγ + iδIKFαγ,Jβ + iδJKFβγ,Iα (5.35)
and the constraints R(S)I(α
J
β)
K
γ = R(S)
(I
α
J)
β
K
γ = 0, which hold for arbitrary N . First
we decompose DIαSJK and DIαCβγJK as:
DIαSJK = SαIJK + 2TαI(JK) + Sα(JδK)I −
1
N Sα
IδJK ,
DIαCβγJK = CαβγIJK + 2TαβγI[JK] − 2C˜αβγ [JδK]I
+
2
3
εα(β
(
Cγ)
IJK + 2Dγ)
I[JK] + Tγ)[JδK]I
)
, (5.36)
where we define SIJ by the decomposition
SIJ = SδIJ + SIJ , S = 1N δIJS
IJ , δIJSIJ = 0 (5.37)
and we introduce superfields which satisfy the properties
SαIJK = Sα(IJK) , δJKSαIJK = 0 , (5.38a)
TαIJK = Tα[IJ ]K , δJKTαIJK = Tα[IJK] = 0 , (5.38b)
DαJSIJ = (N + 2)(N − 1)
2N Sα
J , (5.38c)
Cαβγ
IJK = C(αβγ)
[IJK] , C˜αβγ
I = C˜(αβγ)
I , (5.38d)
Cα
IJK = Cα
[IJK] , (5.38e)
TαβγIJK = T(αβγ)(IJ)K , δJKTαβγIJK = Tαβγ (IJK) = 0 , (5.38f)
Dα
IJK = Dα
[IJ ]K , δJKDα
IJK = Dα
[IJK] = 0 , (5.38g)
DγICβγIJ = (N − 1)TβJ . (5.38h)
Symmetrizing the indices I, J and K in eq. (5.35) gives
0 = 2D(I(αFJβ)K)γ − 2iδ(IJFαβ,K)γ + 2iδ(IJFγ(α,K)β) , (5.39)
which implies
D(Iβ SJK) = δ(IJCβK) . (5.40)
From here we find
SαIJK = 0 , CβJ = N − 1N S
J
β +
N
N + 2D
J
βS . (5.41)
30
Now symmetrizing the indices α, β and γ in eq. (5.35) gives
0 = 2D(I(αFJ)β Kγ) − 2iδIJF(αβ,Kγ) + 2iδK(IF(αβ,J)γ) , (5.42)
and then we deduce
C˜αβγ
J = Cαβγ
J , TαβγIJK = 0 . (5.43)
Contracting the indices α with β in eq. (5.35) and using R(S)I[a
J
β]
K
γ = 0 leads to
0 = 2Dα[IFJ ]α Kγ + 2iδK[IFαγ,J ]α . (5.44)
From here it is easy to see that
Dα
IJK = 0 . (5.45)
Furthermore, we also find
DαICαβJK = 3TβJKI + 4(D[Jβ S)δK]I +
N − 4
N Sβ
[JδK]I . (5.46)
Putting all these constraints together precisely recovers the Bianchi identities (5.6)
except for the one involving W IJKL, which only appears for N > 3. In this case we
can make use of
R(S)αIJα
γ
K =
2i
N − 3∇
γLW IJLK =
2i
N − 3D
γLW IJLK (5.47)
and eq. (5.35) to derive
Cα
IJK =
1
N − 3∇αLW
LIJK . (5.48)
Since W IJKL is primary we recover the final Bianchi identity from eq. (4.48)
DIαW JKLP = D[IαW JKLP ] − 4Cα[JKLδP ]I . (5.49)
So far we have obtained the special conformal connection components:
FIα
J
β = −FJβIα = iCαβIJ − iεαβSIJ , (5.50a)
Fαβ,
K
γ = −FKγ ,αβ = CαβγK +
2
3
εγ(α
(N − 1
N Sβ)
J +
N
N + 2D
J
β)S
)
. (5.50b)
The final component Fab may also be found by considering each value of N separately.
We have already shown how to do this for N = 1. Below we illustrate the higher N
cases and derive the corresponding super Cotton tensors directly from the degauging
of conformal superspace in the N = 2 and N = 3 cases.
The N = 2 case
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In the N = 2 case the torsion component CaKL takes the form
Ca
KL = Caε
KL (5.51)
and the remaining constraints become
DIαSJK = Sα(JδK)I −
1
2
SαIδJK , (5.52a)
DIαCβγ = εIJCαβγJ −
1
3
εα(βε
IJ(4DJγ)S − Sγ)J) , (5.52b)
SIJ = SδIJ + SIJ , S := 1
2
δIJS
IJ , δIJSIJ = 0 . (5.52c)
To construct both Fab and the N = 2 super Cotton tensor in the formulation
of [14] we make use of the special conformal curvature component (see the algebra
(4.22))
R(K)Iα
J
β
a = iεIJεαβWγδ(γ
a)γδ . (5.53)
Plugging this result into eq. (5.23b) for the N = 2 case yields
iεIJεαβWγδ(γ
a)γδ = DIαFJβa +DβJFIαa − 2iδIJFαβ,a
− iFIαγKFJβδK(γa)γδ − iFJβγKFIαδK(γa)γδ . (5.54)
We then find the super Cotton tensor by antisymmetrizing α with β and I with J
Wαβ = − i
4
εIJDγIFJγ,αβ + 2SCαβ
=
i
8
[DγI ,DIγ]Cαβ −
i
4
εIJ [DI(α,DJβ)]S + 2SCαβ , (5.55)
which reads in the complex basis
Wαβ = − i
4
[Dγ, D¯γ]Cαβ + 1
2
[D(α, D¯β)]S + 2SCαβ . (5.56)
This is proportional to the super Cotton tensor constructed in [30].35
On the other hand symmetrizing α with β and contracting I with J in (5.54) gives
Fab =
i
4
δIJ(γa)
αβDIαFJβ ,b +
1
4
δIJ(γa)
αβ(γb)γδF
I
α
γ
KF
J
β
δK
= − i
4
(γ(a)
αβ(γb))
γδεIJ [DIα,DJβ ]Cγδ −
i
2
ηab[DαI ,DIα]S
− (γa)αβ(γb)γδCαγCβδ + ηabSIJSIJ + 2ηabS2 . (5.57)
35One may always choose a super-Weyl gauge S = 0 in which the expression (5.56) reduces to
that given for the first time by Zupnik and Pak [10].
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It should be mentioned that degauging the constraint (4.20) gives
DαIWαβ = 0 . (5.58)
The N = 3 case
In the N = 3 case the super Cotton tensor appears in the special conformal
curvature component
R(S)Iα
J
β
γ
K = 2εαβεK
IJW γ . (5.59)
Therefore, using eq. (5.35), we may derive an expression for the super Cotton tensor
in the formulation of [14]. We find
2εIJKWγ = Dα[IFJ ]α Kγ + iδK[IFαγ,J ]α , (5.60)
which gives
Wα =
1
12
εIJKDβIFJβKα =
i
12
εIJKDβICαβJK . (5.61)
As a check one can show that Wα transforms homogeneously under the super-Weyl
transformations (5.8). One can also show that the constraint (4.39) degauges to
DγIWγ = 0 . (5.62)
To construct Fab we use the special conformal curvature component (see the alge-
bra (4.40))
R(K)Iα
J
β
a = −iεαβ(γa)γδεIJK∇γKWδ . (5.63)
Making use of eq. (5.23b) and the fact that R(K)I(αβ)I
a = 0 gives us
0 = 2DI(αFβ)I a − 6iFαβ,a − 2iFI(αγKFβ)I δK(γa)γδ , (5.64)
which yields
Fab = − i
12
(γ(a)
αβ(γb))
γδDαICβγδI − i
27
ηabDαI SαI −
i
30
ηabDαIDIαS
− 1
6
(γa)
αβ(γb)
γδCαγ
IJCβδIJ +
1
3
ηabSIJSIJ + ηabS2 . (5.65)
The N > 3 case
Similarly, using eq. (5.23b) and the fact that R(K)I(αβ)I
a = 0 for N > 3 gives us
0 = 2DI(αFβ)Ia − 2iNFαβ,a + 2iFI(αγKFβ)I δK(γa)γδ , (5.66)
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which yields
NFab = − i
4
(γ(a)
αβ(γb))
γδDαICβγδI − i
6
N − 1
N ηabD
α
I SαI −
i
6
N
N + 2ηabD
α
IDIαS
− 1
2
(γa)
αβ(γb)
γδCαγ
IJCβδIJ + ηabSIJSIJ +N ηabS2 . (5.67)
We may summarize the components of FAB for N > 1 as:
FIα
J
β = −FJβIα = iεIJCαβ − iεαβSIJ , (5.68a)
Fαβ,
K
γ = −FKγ ,αβ = CαβγK +
2
3
εγ(α
(N − 1
N Sβ)
J +
N
N + 2D
J
β)S
)
, (5.68b)
Fab = − i
4N (γ(a)
αβ(γb))
γδDαICβγδI − i(N − 1)
6N 2 ηabD
α
I SαI −
i
6(N + 2)ηabD
α
IDIαS
− 1
2N (γa)
αβ(γb)
γδCαγ
IJCβδIJ +
1
N ηabS
IJSIJ + ηabS2 . (5.68c)
5.4 The conformal origin of the super-Weyl transformations
In [12, 14] a formulation for conformal supergravity was given in which the dilata-
tions and special conformal transformations were not realized manifestly. As we have
just demonstrated, this SO(N ) superspace can be viewed as a “degauged” version of
our conformal superspace, where the special conformal symmetry has been fixed by
the gauge condition BA = 0. As we have left the dilatational symmetry unfixed, it
must survive as an additional nonlinear transformation not residing in the remain-
ing structure group or the general coordinate transformations. This is precisely the
super-Weyl transformation36 and is what ensures the superspace formulation of [14]
describes conformal supergravity. We may now show explicitly how these super-Weyl
transformations originate in the degauging of conformal superspace.
Suppose we have gauge fixed the dilatation connection to vanish by using the spe-
cial conformal symmetry. If we now perform a dilatation with parameter σ, we must
accompany it with an additional KA transformation with σ-dependent parameters
ΛA(σ) to maintain the gauge BA = 0. With respect to the covariant derivatives this
means
δK(Λ(σ))∇A + δD(σ)∇A (5.69)
cannot contain any terms proportional to the dilatation generator D. Using eq. (2.26),
we find
Λa(σ) =
1
2
Daσ , ΛαI (σ) = −
1
2
DαI σ . (5.70)
36This is exactly the same origin as the Weyl transformation in conformal gravity as well as the
super-Weyl transformations for 4D N = 1 [24] and N = 2 [25] conformal supergravity.
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Then the super-Weyl transformations may be simply read off from
δσ∇A := δK(Λ(σ))∇A + δD(σ)∇A . (5.71)
The super-Weyl transformations of the degauged covariant derivatives DA and the
special conformal connection can be read from
δσ∇A = δσDA − δσFABKB . (5.72)
The super-Weyl transformations of DA are found to be
δσDIα =
1
2
σDIα + (DβIσ)Mαβ + (DαJσ)N IJ , (5.73a)
δσDa = σDa + i
2
(γa)
γδ(DKγ σ)DδK + εabc(Dbσ)M c , (5.73b)
while the super-Weyl transformation of, for example, FIα
β
J is
δσF
I
α
β
J = σF
I
α
β
J −
1
2
DIαDβJσ +
i
2
δIJ(γa)αβDaσ = σFIαβJ −
1
4
[DIα,DβJ ]σ . (5.74)
Eq. (5.74) recovers the super-Weyl transformations of the torsion components in
the formulation of [14], while the super-Weyl transformation of the degauged vector
covariant derivative does not exactly match that of eq. (5.8), since it does not contain
an SO(N ) contribution. However, the redefined vector covariant derivatives
D′a = Da −
1
2
Ca
IJNIJ (5.75)
possess the appropriate transformation law as expected.
Note that all primary superfields Φ transform homogeneously
δK(Λ(σ))Φ + δD(σ)Φ = δD(σ)Φ = σ∆Φ , (5.76)
where ∆ is the dimension of Φ
DΦ = ∆Φ . (5.77)
Therefore we also have
δσW
IJKL = σW IJKL . (5.78)
6 Discussion and outlook
In this paper we have constructed a new off-shell formulation for N -extended con-
formal supergravity in three dimensions, which possesses a number of key properties.
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Firstly, it gauges the entire superconformal algebra without the need to introduce the
super-Weyl transformations as in the conventional approach [12, 14], which is based
on the local structure group SL(2,R)×SO(N ). Secondly, it possesses a simple covari-
ant derivative algebra, the structure of which resembles that of the super Yang-Mills
algebra. Thirdly, the entire algebra of covariant derivatives is expressed in terms of
a single primary superfield, the N -extended super Cotton tensor, which makes our
formulation quite geometrical.
Upon degauging of the local special conformal and S-supersymmetry transforma-
tions, the conformal superspace constructed in this paper reduces to the conventional
formulation for conformal supergravity [12, 14], with the local scale transformation
turning into the super-Weyl transformation. This means that there is no need to carry
out a thorough component analysis to justify that our formalism is indeed suitable
to describe conformal supergravity.
Although the suitability to describe conformal supergravity is justified, it is worth
mentioning that the conformal superspace may be shown to reduce in components
to the superconformal framework of [3, 4] for the N = 1 and N = 2 cases. Recall
that a supersymmetry transformation with parameter ξαI should be identified with a
supergravity gauge transformation (2.26) with K = ξαI∇Iα. For the N = 1 case and
with the general ansatz (4.3), we may derive the supersymmetry transformations of
the connection fields using (2.25):37
δQem
a = −i(ξγaψm)− 1
2
(ξγm)
βW (P )β
a| , (6.1a)
1
2
δQψm
α = (∂m − 1
2
ωm
abMab +
1
2
bm)ξ
α − 1
2
(ξγm)
βW (Q)β
α| , (6.1b)
δQbm = −(ξφm)− 1
2
(ξγm)
βW (D)β| , (6.1c)
δQωm
ab = −εabc(γc)αβξαφmβ − 1
2
(ξγm)
βW (M)β
ab| , (6.1d)
1
2
δQφm
α = −i(ξγb)αfmb − 1
2
(ξγm)
βW (S)β
α| , (6.1e)
δQfm
a = −1
2
(ξγm)
βW (K)β
a| . (6.1f)
Now comparing with [3] we see that we must set Wα = W (K)α
aKa, which was
what we used in superspace. Therefore, at least for the N = 1 case the conformal
superspace correctly reduces in components (up to conventions) to those derived
within the superconformal tensor calculus. As a result our formulation may provide
a useful bridge between the two approaches.
37Per the usual convention, we have identified ψm
α = 2Em
α| and φmα = 2Fmα|.
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As compared with the conventional formulation [12, 14], conformal superspace has
a larger gauge group. A nontrivial manifestation of this enlarged gauge symmetry is
a dramatic reduction of dimension-1 curvature tensors. In the conventional setting,
there are several such tensors: SIJ = S(IJ), Ca
IJ = Ca
[IJ ] and W IJKL = W [IJKL].
Their presence makes the algebra of covariant derivatives rather involved and some-
what cumbersome from the point of view of practical calculations. On the other hand,
conformal superspace has no dimension-1 curvature for the cases N = 1, 2, 3, while
for N > 3 the entire algebra of covariant derivatives is constructed entirely in terms
of the super Cotton tensor W IJKL.
The fact that the dimension-1 tensors SIJ and Ca
IJ do not show up in confor-
mal superspace is of primary importance for the explicit construction of conformal
supergravity actions. In section 1, we briefly discussed the method proposed in [19]
to construct off-shell supergravity actions in superspace and the technical difficulty in
implementing this method for the case N ≥ 2. Let us recall that the main technical
problem is the existence of a two-parameter freedom to choose the vector covariant
derivative, eq. (1.1). This leads to a two-parameter family of closed three-forms that
should be considered as candidates to generate the action for conformal supergravity.
This two-parameter family has only one true candidate subject to the condition of
super-Weyl invariance modulo exact terms. The explicit construction of such a form
is highly nontrivial. In conformal superspace, however, both of these problems do not
occur by construction. Firstly, the vector covariant derivative is uniquely defined.
Secondly, the super-Weyl invariance is built in ab initio. The problem of the explicit
construction of off-shell actions for conformal supergravities will be addressed in an
accompanying paper [31].
In this paper we only considered the vector supermultiplets in conformal super-
space. The rigid N = 3 and N = 4 projective hypermultiplets introduced in [29] may
naturally be lifted to conformal superspace. This will be discussed elsewhere.
Using the explicit structure of the super Cotton tensors discussed above, we can
predict the superfield types of conformal supergravity prepotentials for 1 ≤ N ≤ 4
without working out unconstrained prepotential formulations for conformal super-
gravity theories.38 Indeed, given the off-shell action for conformal supergravity, SCSG,
we expect that
W ∝ δSCSG
δH
, (6.2)
38On general grounds, such formulations should exist at least in the cases 1 ≤ N ≤ 4, and they
have been constructed in the cases N = 1 [9] and N = 2 [30].
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with W and H being respectively the super Cotton tensor and the conformal prepo-
tential (with all indices suppressed). This implies that the unconstrained conformal
prepotentials should be as follows: Hαβγ for N = 1 [9], Hαβ for N = 2 [10, 30], Hα
for N = 3, and H for N = 4. Using the harmonic superspace techniques [32], one
may derive the N = 3 and N = 4 prepotentials by generalizing the four-dimensional
N = 2 analysis of [33] (see also [34]).
In the component approach, there is a remarkable (AdS/CFT inspired) construc-
tion [35] of the N = 8 off-shell conformal supergravity in three dimensions starting
from the N = 8 SO(8) gauge supergravity in four dimensions [36], which has an AdS4
solution. It would be interesting to derive a superspace analog of this construction.
Acknowledgements:
The work of DB was supported by ERC Advanced Grant No. 246974, “Supersymme-
try: a window to non-perturbative physics.” The work of SMK and JN was supported
in part by the Australian Research Council, project No. DP1096372. The work of
GT-M and JN was supported by the Australian Research Council’s Discovery Early
Career Award (DECRA), project No. DE120101498.
A Notation and conventions
Our conventions for spinors in three spacetime dimensions (3D) follow closely
those of [14].39 We summarize them here.
Spinor indices are raised and lowered using the SL(2,R) invariant tensors
εαβ =
(
0 −1
1 0
)
, εαβ =
(
0 1
−1 0
)
, εαγεγβ = δ
α
β (A.1)
as follows:
ψα = εαβψβ , ψα = εαβψ
β . (A.2)
We use a Majorana representation in which all the γ-matrices are real and any
Majorana spinor ψα is real,
(ψα)∗ = ψα , (ψα)
∗ = ψα . (A.3)
39In particular they are compatible with the 4D two-component spinor formalism used in [37, 38].
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In such a representation the 3D gamma matrices (γa)αβ and (γa)
αβ are real and
symmetric.
The matrices
γa := (γa)α
β = εβγ(γa)αγ (A.4)
satisfy the relations
{γa, γb} = 2ηab1 , (A.5a)
γaγb = ηab1+ εabcγ
c , (A.5b)
where the 3D Minkowski metric is ηab = η
ab = diag(−1, 1, 1) and the Levi-Civita
tensor is normalized as ε012 = −ε012 = −1. Some useful relations involving γ-matrices
and the Levi-Civita tensor are
(γa)αβ(γa)γδ = 2εα(γεδ)β , (A.6a)
εabc(γ
b)αβ(γ
c)γδ = εγ(α(γa)β)δ + εδ(α(γa)β)γ , (A.6b)
tr[γaγbγcγd] = 2ηabηcd − 2ηacηdb + 2ηadηbc , (A.6c)
εabcε
def = −6δd[aδebδfc] . (A.6d)
Given a three-vector, Va, it can equivalently be realized as a symmetric spinor
Vαβ = Vβα. The relationship between Va and Vαβ is as follows:
Vαβ := (γ
a)αβVa = Vβα , Va = −1
2
(γa)
αβVαβ . (A.7)
In three dimensions an antisymmetric tensor Fab = −Fba is Hodge-dual to a three-
vector Fa:
Fa =
1
2
εabcF
bc , Fab = −εabcF c . (A.8)
The symmetric spinor Fαβ = Fβα associated with Fa, can equivalently be defined in
terms of Fab:
Fαβ := (γ
a)αβFa =
1
2
(γa)αβεabcF
bc . (A.9)
It follows that the three algebraic objects, Fa, Fab and Fαβ , are in one-to-one corre-
spondence with each other, Fa ↔ Fab ↔ Fαβ . Their corresponding inner products
are related to each other as follows:
− F aGa = 1
2
F abGab =
1
2
F αβGαβ . (A.10)
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The spinor covariant derivatives in Minkowski superspace R3|2N satisfy the anti-
commutation relations
{DIα, DJβ} = 2iδIJ(γc)αβ∂c . (A.11)
They may be realized as
DIα =
∂
∂θαI
+ i(γb)αβθ
β
I ∂b , (A.12)
where SO(N ) indices may be equivalently written in the upper or lower position.
Due to the reality of the 3D spinors we have the conjugation rule
(DIαF )
∗ = −(−1)ε(F )DIαF¯ , (A.13)
with F a superfield of Grassmann parity ε(F ) and F¯ = (F )∗.
For N > 1 it is useful to introduce the totally antisymmetric invariant SO(N )
tensor
εI1···IN = ε[I1···IN ] , (A.14)
normalized as
ε12···N = ε12···N = 1 . (A.15)
In theN = 2 case εIJ should not be confused with εαβ since it is normalized differently.
B Coupling to a vector multiplet
Here we do not consider general matter couplings within our formulation, however
the constraints imposed on the geometry of section 4 were modeled on an abelian
vector multiplet. It is therefore natural to discuss the coupling of an Abelian N -
extended vector multiplet
V = dzMVM = E
AVA , VA := EA
MVM (B.1)
to conformal supergravity, both for completeness and as a straightforward extension
of the results in [14]. To do so we introduce the gauge covariant derivatives
∇A := ∇A − VAZ , [Z,∇A] = 0 , (B.2)
with VA(z) the gauge connection associated with the generator Z. The gauge trans-
formation of VA is
δVA = ∇Aτ , (B.3)
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with τ(z) an arbitrary scalar superfield.
The algebra of covariant derivatives is found to be
[∇A,∇B} = −TABC∇C − 1
2
R(M)AB
cdMcd − 1
2
R(N)AB
PQNPQ − R(D)ABD
−R(S)ABγISIγ −R(K)ABcKc − FABZ , (B.4)
where the torsion and curvatures are those of conformal superspace but with FAB the
gauge-invariant field strength. The field strength FAB satisfies the Bianchi identity
∇[AFBC} + T[ABDF|D|C} = 0 , (B.5)
and must be subject to covariant constraints to describe an irreducible vector multi-
plet. The structure of the constraints and their consequence is different for N = 1
and for N > 1.
B.1 The N = 1 case
In the N = 1 case, one imposes the covariant constraint [39, 9]
Fαβ = 0 . (B.6)
Then one derives from the Bianchi identities the remaining components
Faβ =
1
2
(γa)β
γGγ , (B.7a)
Fab = − i
4
εabc(γ
c)γδ∇γGδ , (B.7b)
together with the dimension-2 differential constraint on the spinor field strength
∇αGα = 0 . (B.8)
Furthermore, the Jacobi identities require Gα to be primary and of dimension-3/2:
SβGα = 0 , DGα =
3
2
Gα . (B.9)
B.2 The N > 1 case
For N > 1 one imposes the following dimension-1 covariant constraint [40, 10, 41]
F Iα
J
β = −2iεαβGIJ , (B.10)
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where GIJ is antisymmetric, primary and of dimension-1
GIJ = −GJI , SIαGJK = 0 , DGIJ = GIJ . (B.11)
Note that these constraints are a natural generalization of the N > 1 constraints in
four dimensions [42, 43]. The Bianchi identities then give the remaining field strength
components:
Fa
I
α =
1
(N − 1)(γa)α
β∇βJGIJ , (B.12a)
Fab = − i
4N (N − 1)εabc(γ
c)αβ [∇Kα ,∇Lβ ]GKL . (B.12b)
The N = 2 case is special because GIJ becomes proportional to the antisymmetric
tensor εIJ
GIJ = εIJG . (B.13)
The components of FAB then become
F Iα
J
β = −2iεαβεIJG , (B.14a)
Fa
J
β = ε
JK(γa)β
γ∇γKG , (B.14b)
Fab = − i
4
εabc(γ
c)γδεKL∇γK∇δLG . (B.14c)
The Bianchi identities imply a constraint on G at dimension-2
εK(I∇γJ)∇γKG = 0 . (B.15)
In the complex basis, this constraint means that G is covariantly linear,
∇2G = ∇¯2G = 0 . (B.16)
Unlike for N = 2, in the case N > 2 the field strength GIJ is constrained by the
dimension-3/2 Bianchi identity
∇IγGJK = ∇[IγGJK] −
1
(N − 1)
(
δIJ∇γLGKL − δIK∇γLGJL
)
. (B.17)
This constraint may be shown to define an off-shell supermultiplet [44].40 This is in
contrast with the four-dimensional case where the standard superspace constraints
define an on-shell vector multiplet for N > 2 [43].
40It was claimed in [14] that the constraint (B.17) defines an on-shell vector supermultiplet for
N > 4. This claim had been based on a harmonic-superspace analysis by one of us (SMK), which
turned out to be erroneous.
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It is worth remarking briefly on why this difference should arise between the three
and four-dimensional cases. Following Sohnius [43], in four-dimensional N -extended
Minkowski superspace, the Abelian vector multiplet is described by the complex field
strength W¯ jk = −W¯ kj with SU(N ) indices. The field strength obeys the constraints
DiαW¯
jk = −DjαW¯ ik , (B.18a)
D¯α˙iW¯
jk =
1
N − 1
(
δji D¯α˙lW¯
lk − δki D¯α˙lW¯ lj
)
, (B.18b)
which (one can check) are conformally invariant. As a consequence of these con-
straints, one can show for N > 2 that
✷W¯ jk = 0 , (B.19)
which places the multiplet on-shell [43]. Since the original constraints are conformally
invariant, any equation derived from them must also be conformally invariant or
transform under special conformal transformations back into the original constraints.
One easily observes, for example, that eq. (B.19) is invariant under Ka because W¯
jk
has conformal dimension 1.
In the three-dimensional case, one might expect that one could similarly prove
✷GJK = 0 for N > 4. But in three dimensions, the massless Klein-Gordon equation
is conformally invariant only for Lorentz scalars of dimension-1/2. Since GJK has
dimension 1, one can prove that under successive applications of Ka,
✷GJK = 0
Ka=⇒ ∇aGJK = 0 Ka=⇒ GJK = 0 . (B.20)
In other words, provided superconformal invariance is maintained, ✷GJK can vanish
only if GJK also vanishes.
Similar arguments may be used to argue that a linearized version of the constraint
(4.48) defines an off-shell supermultiplet for N > 4. This is in agreement with the
statement [12] that the N -extended Weyl multiplet is off-shell in three dimensions.
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